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We revisit the flavor composition of high-energy astrophysical neutrinos observed at neutrino tele-
scopes. Assuming unitary time evolution of the neutrino flavor states, the flavor composition ob-
servable at Earth is related to the initial composition at their sources via oscillation-averaged flavor
transitions. In a previous study we derived general bounds on the flavor composition of TeV–PeV
astrophysical neutrinos assuming three-flavor unitary mixing. We extend these bounds to the case of
active-sterile neutrino mixing. Our bounds are analytical, derived based only on the unitarity of the
mixing, and do not require sampling over the values of the unknown active-sterile mixing parameters.
These bounds apply to any extended active-sterile neutrino mixing scenario where energy-dependent
nonstandard flavor mixing dominates over the standard mixing observed in accelerator, reactor, and
atmospheric neutrino oscillations.
PACS numbers: 14.60.Pq, 14.60.St, 95.55.Vj
I. INTRODUCTION
The high-energy astrophysical neutrinos observed by
IceCube [1–7] provide a unique probe of fundamental
neutrino properties under extreme conditions. These
neutrinos have energies of TeV–PeV and travel distances
of up to a few Gpc, far exceeding those accessible to re-
actor, accelerator, or atmospheric neutrino experiments,
that make them susceptible to tiny effects of nonstan-
dard high-energy neutrino physics [8–11]. The observ-
able features that could reveal the presence of nonstan-
dard physics [11, 12] include alterations of their energy
spectrum, arrival direction distribution, arrival times,
and flavor composition, i.e., the proportion of neutrinos
of each flavor in the neutrino flux. The latter is a par-
ticularly robust measure of nonstandard physics, since
there are clear expectations for what the standard flavor
composition should be, as predicted by Standard-Model
interactions and oscillations between only the three ac-
tive neutrino flavors, νe, νµ, and ντ .
High-energy astrophysical neutrinos are produced in
interactions of high-energy cosmic rays, i.e., protons and
nuclei, with gas and radiation in astrophysical sources.
(The identity of these sources remains so far unknown,
save for two promising instances [7, 15].) The relative
number of initial neutrino flavor states is determined by
the physical conditions in the source and is dominated
by electron and muon neutrinos νe, ν¯e, νµ, and ν¯µ. Af-
ter emission from the source, neutrinos undergo flavor
oscillations en route to Earth, which change the flavor
composition with which they arrive at the detector [16–
23]. Assuming standard three-flavor neutrino oscilla-
tions, the detected flavor composition can be corrected
for these oscillation effects to infer the flavor composi-
tion at the source [24].
However, nonstandard neutrino oscillations can al-
ter the flavor composition at Earth drastically [13, 25–
31]. These effects can originate from a large class of
models of new unitary neutrino physics, e.g., from neu-
trino interactions with background matter [32], dark
matter [33, 34] or dark energy [34, 35] or from Stan-
dard Model extensions that violate the weak equiv-
alence principle, Lorentz invariance, or CPT symme-
try [36–43]. A key common property of these models
is that, if the nonstandard effects dominate at high en-
ergies, the flavor transitions between the sources and
Earth are entirely determined by a new unitary mix-
ing matrix that connects neutrino flavor states and new,
0.0 0.2 0.4 0.6 0.8 1.0
1.0
0.8
0.6
0.4
0.2
0.0
0.0
0.2
0.4
0.6
0.8
1.0
ν τ
fr
ac
tio
n
( f
′
τ,
⊕
) νµ fraction
( f ′µ,⊕ )
νe fraction ( f ′e,⊕)
(0 : 1 : 0 : 0)S
(1 : 2 : 0 : 0)S
(1 : 0 : 0 : 0)S
3+1 unitarity
bounds
95% C.L.
68% C.L.
IceCube 2015
FIG. 1. Unitarity bounds of high-energy astrophysical neu-
trino flavors for three benchmark flavor compositions at the
source indicated by filled symbols. The solid lines and shaded
areas show the case of 3+1 active-sterile neutrino mixing,
whereas the dashed lines show the case of mixing only be-
tween the three active flavors [13]. We include the best-fit fla-
vor composition measured by IceCube [14] as a black star, and
the 68% and 95% confidence levels (C.L.) as grey-shaded areas.
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2nonstandard propagation eigenstates that are motivated
by these models [44]. The values of the new mixing pa-
rameters, i.e., the elements of the mixing matrix, are un-
known or weakly constrained. Naively, this complicates
predicting the space of nonstandard flavor compositions
that we could expect at Earth. (A different class of mod-
els, which we do not study here, involves the nonuni-
tary propagation of astrophysical neutrinos in scenarios
with decoherence effects [45–50].)
To overcome this issue, in Ref. [13] we analytically
derived the accessible space of flavor compositions that
can be expected from this class of models, assuming os-
cillations between the three active flavors. Using the
unitarity of the three-flavor lepton mixing matrix, we
derived the boundary of the region that encloses all pos-
sible flavor compositions at the Earth for an arbitrary
flavor composition at the source, in spite of not know-
ing the values of the matrix elements. These regions can
be used to refine the search for nonstandard unitary
physics in neutrino telescopes in an unbiased way.
Motivated by the possible existence of neutrino
species beyond the three active flavors [51–56], we re-
visit and expand this analysis by introducing mixing
between the three active neutrinos and one sterile neu-
trino, i.e., so-called 3+1 scenarios. Even if the active-
sterile mixing is small, neutrino propagation over cos-
mological distances may affect the flavor composition at
Earth appreciably. In the context of high-energy astro-
physical neutrinos, these extended flavor sectors have
been previously investigated using particular values of
an extended set of mixing parameters or by Monte-Carlo
sampling them [31, 57–62]. Here, for the first time, we
provide analytic flavor boundaries based on 3+1 unitar-
ity constraints for arbitrary flavor compositions at the
source. While there are numerous alternative proposals
for the mass of the sterile neutrino, from eV to EeV, our
flavor boundaries are independent of its mass, and so
have wide applicability in testing active-sterile mixing.
Figure 1 shows examples of our results for physically
motivated choices of source flavor compositions. To vi-
sualize flavor boundaries in the ternary plot, we nor-
malize each flavor contribution to the total number of
active neutrinos after oscillation. The solid contours
show our new 3+1 unitarity bounds; the dashed con-
tours show the three-flavor neutrino bounds from our
previous study [13].
The paper is organized as follows. In Sec. II we dis-
cuss the astrophysical processes of neutrino production
and the corresponding flavor composition at the source.
We discuss the resulting flavor composition at Earth af-
ter flavor oscillations with nonstandard 3+1 mixing. In
Sec. III we derive general boundaries for the flavor com-
position at Earth based on the unitary of the 3+1 mixing
matrix. We conclude in Sec. IV. Throughout this paper
we work in natural units with h¯ = c = 1.
II. ASTROPHYSICAL NEUTRINO FLAVORS
We briefly review standard production mechanisms
of high-energy astrophysical neutrinos. In astrophys-
ical neutrino sources, cosmic-ray collisions with gas
and radiation produce short-lived intermediate parti-
cles that, upon decaying, produce a flux of neutrinos
να and antineutrinos να, where α = e, µ, τ refers to the
active neutrino flavor eigenstate produced in weak in-
teractions. In the 3+1 flavor scenario we introduce an
additional sterile state denoted as νs that is not pro-
duced in weak interactions, but that mixes with the ac-
tive neutrinos. The relative number of initial neutrino
states (Ne : Nµ : Nτ : Ns)S (summed over neutrinos and
antineutrinos) is determined by the physical conditions
in the source. For astrophysical sources we expect an
initial flavor composition dominated by νe and νµ with
only little contribution from ντ [63]. Sterile neutrino pro-
duction at the source can only be a result of physics
beyond the Standard Model [61], e.g., from the decay
and/or annihilation of dark matter.
In the simplest case, pions (or kaons) produced in
cosmic-ray interactions decay via pi+ → µ+ + νµ fol-
lowed by µ+ → e++ νe+ νµ (and the charge-conjugated
processes). This pion decay chain results in a source
composition of (1 : 2 : 0 : 0)S. However, in the pres-
ence of strong magnetic fields it is possible that muons
lose energy before they decay and do not contribute to
the high-energy neutrino emission [17]. In this muon-
damped scenario the composition is expected to be
closer to (0 : 1 : 0 : 0)S. On the other hand, neutrino pro-
duction by beta-decay of free neutrons or short-lived
isotopes produced in spallation or photo-disintegration
of cosmic rays leads to (1 : 0 : 0 : 0)S. Below, we use these
three physically motivated cases as benchmarks.
After production, astrophysical neutrinos travel over
cosmic distances before their arrival at Earth. The fla-
vor composition at Earth is significantly altered by neu-
trino oscillations, which are due to each neutrino fla-
vor state being a superposition of propagation states νa
(a = 1, 2, 3, 4),
|να〉 =∑
a
U∗αa|νa〉 , (1)
where α = e, µ, τ, s, and Uαa is an element of the mix-
ing matrix U that connects the flavor and propagation
states. The propagation states are defined as eigenvec-
tors of the Hamiltonian, including kinetic terms and ef-
fective potentials [44]. In the standard three-flavor sce-
nario, U is the Pontecorvo-Maki-Nagakawa-Sakata 3 × 3
unitary matrix [64–66] with 6 degrees of freedom — 3
mixing angles and 3 phases. In the 3+1 scenario, in
general, U is a 4× 4 unitary mixing with 16 degrees of
freedom — 6 mixing angles and 10 phases. However,
three (Majorana) phases do not affect neutrino oscilla-
tions. Unitarity ensures that the total number of neutri-
nos of all flavors is conserved. Neutrino flavor oscilla-
tions of pure or mixed states can be described in terms
3of the evolution of the density matrix ρ, following the
Liouville equation ρ˙ = −i[H, ρ] with Hamiltonian H.
On their way to Earth, high-energy astrophysical neu-
trinos propagate in vacuum. In this case, the propa-
gation eigenstates are the neutrino mass eigenstates νi
(i = 1, 2, 3, 4). For illustration, in 3+1 models where the
active-sterile mixing parameters are small, ν1, ν2, and ν3
are made up mostly of the active flavors, νe, νµ, and ντ ,
with a small contribution of the sterile flavor νs, while
ν4 is mostly made up νs, with a small contribution of
the active flavors. However, our treatment below is not
limited to the case of small active-sterile mixing; it holds
regardless of the size of the mixing parameters.
If neutrinos are relativistic, like in our case, standard
oscillations in vacuum can be introduced via the Hamil-
tonian
H '∑
i
m2i
2Eν
(|νi〉〈νi|+ |νi〉〈νi|) , (2)
where Eν is the neutrino energy and the sum runs over
projectors onto neutrino and antineutrino mass eigen-
states. The solution of the Liouville equation then yields
the probability of transition between neutrino flavors
due to their mixing, coming from U, and their mass
splittings, ∆m2ij ≡ m2i − m2j , where i, j = 1, 2, 3, 4. For-
mally, the probability is oscillatory, and the oscillation
phases are given by ∆m2ij`/4Eν where ` is the distance
to the neutrino source. While standard mass splittings
∆m221 and |∆m231| are small [67], the large `/Eν ratio for
astrophysical neutrino sources lead to oscillation phases
much larger than unity. In analogy, while we do not con-
sider specific values of the mass of ν4, we assume in the
following that, also in the 3+1 scenario, all mass split-
tings are considerably smaller than `/Eν. In this case,
considering the wide energy distribution with which
neutrinos are emitted and the limited energy resolu-
tion of neutrino detectors, flavor transitions from |να〉
to |νβ〉 (or from |να〉 to |νβ〉) can only be described by
their oscillation-averaged transition probability, given
by [58, 68]
Pαβ =∑
a
|Uαa|2 |Uβa|2 . (3)
Global analyses of oscillation data from reactor, solar,
and atmospheric neutrino experiments [69, 70], with en-
ergies in the MeV–GeV scale, confirm the validity of the
three-flavor oscillation phenomenology. However, there
is motivation from theory and experiment to consider
the existence of an additional, sterile neutrino. From
theory, sterile neutrinos appear naturally in the pro-
cess of giving masses to the active neutrinos; see, e.g.,
Refs. [71, 72]. These sterile neutrinos are typically very
heavy; for instance, in type-I seesaw models of mass
generation, they have masses of ∼ 1025 eV. From exper-
iment, eV-scale sterile neutrinos [51, 52, 55, 56] are mo-
tivated by hints from the short-baseline oscillation ex-
periments LSND [73] and MiniBooNE [74, 75], from the
Gallium neutrino anomaly [76–78], and from anoma-
lies in reactor neutrino experiments [79], while keV-scale
sterile neutrinos are motivated as dark-matter candi-
dates [53, 54] by astrophysical X-ray observations [80].
Concurrently, and in tension with these hints, there
are strong experimental constraints, derived from MeV–
GeV oscillation experiments and GeV–TeV atmospheric
neutrino observations, that limit active-sterile mixing to
be small [55, 56, 81–84]. If these constraints were to hold
also for active-sterile mixing at the TeV–PeV scale, only
small deviations would be possible in the flavor com-
position at Earth of high-energy astrophysical neutri-
nos [61, 62] (unless νs were produced at the sources).
In our treatment, we make no such assumption: we
allow active-sterile mixing in the TeV–PeV scale to be
disconnected from active-sterile mixing in the MeV–TeV
scale. This allows us to study the generic situation
where the mixing parameters are different in different
energy regimes, or where different sterile flavors mix
with active flavors at different energies. As a result, we
circumvent the constraints on the active-sterile mixing
coming from MeV–TeV experiments, and base our con-
straints on the flavor composition at Earth below solely
on the unitarity of the mixing matrix. Later, we point
out how to use our flavor-composition constraints to in-
directly probe the active-sterile mixing parameters.
III. FLAVOR BOUNDARIES
Our goal is to derive the boundary that encloses the
accessible space of flavor compositions at Earth, for a
given flavor composition at the source, based solely on
the unitarity of the 4× 4 mixing matrix U. The deriva-
tion of flavor boundaries in the presence of sterile neu-
trinos follows closely that of the three-flavor case de-
scribed in Ref. [13]. We focus only on the 3+1 scenario,
which contains a single sterile flavor, because it is repre-
sentative of the class of 3+n scenarios, with n ≥ 1 sterile
neutrinos. Our formalism below can be extended to sce-
narios with n > 1.
In the 3+1 scenario, the oscillation-averaged fla-
vor transition matrix P defined by Eq. (3) can be
parametrized by its six off-diagonal entries Pαβ, with
α 6= β. The unitarity of the mixing matrix imposes a
bound on the linear combinations of these transition el-
ements,
uPes + vPµs + wPτs + xPµτ + yPeτ + zPeµ
≤ B(u, v,w, x, y, z) , (4)
where u, v, w, x, y, and z are arbitrary parameters and
B is the boundary function. We discuss its form in Ap-
pendix A. This function can be written as
B(u, v,w, x, y, z) = max
( 40⋃
i=1
Si
)
, (5)
4where the individual subset Si corresponds to a class of
candidate maxima of the left-hand side of Eq. (4) that
are related to one another by flavor transformations. In
total, we consider 40 classes of candidate maxima that
are listed in Table I of Appendix A.
As in the three-flavor case [13], it is possible to use the
family of unitarity bounds in Eq. (A6) of Appendix A to
derive boundaries that enclose the accessible region of
flavor compositions at Earth. We first define the flavor
ratio of να as fα ≡ Nα/∑β Nβ. For a fixed source flavor
ratio fα,S, the flavor ratio at Earth fα,⊕ is
fα,⊕ =∑
β
Pαβ fβ,S . (6)
In the trivial case where there is no mixing, U = I, the
oscillation-averaged transition probability is also triv-
ial, i.e., Pαβ = δαβ, and so fα,⊕ = fα,S. Therefore, the
original flavor composition at the source is always part
of the accessible space of flavor composition at Earth.
Since there is a continuous parametrization of the tran-
sition matrix P in terms of mixing angles and phases, the
accessible space of flavor composition at Earth must be
connected (although not necessarily simply connected).
This means that, within that space, it is possible to trans-
form continuously between fα,⊕ = fα,S and any other
flavor composition. Therefore, to find the boundary that
encloses the accessible flavor space at Earth, we look for
the boundary of the flavor shift defined as
∆ fα ≡ fα,⊕ − fα,S . (7)
Due to 3+1 unitarity, we have ∑α ∆ fα = 0 and can there-
fore parametrize the total flavor shift by only three pa-
rameters, which we choose to be ∆ fe, ∆ fµ, and ∆ fs.
We can now look at hyper-surfaces in the three-
dimensional flavor space of ∆ fe, ∆ fµ, and ∆ fs, defined
via n̂ · (∆ fe,∆ fµ,∆ fs) = const., where n̂ is a three-
dimensional unit vector in an arbitrary direction, which
we vary later in order to scan the flavor space in all di-
rections. The projection of the flavor shift (∆ fe,∆ fµ,∆ fs)
onto n̂ can be written as on the left-hand side of Eq. (4)
with the coefficients
u = ( fe,S − fs,S)(n̂s − n̂e) , (8)
v = ( fµ,S − fs,S)(n̂s − n̂µ) , (9)
w = (1− fe,S − fµ,S − 2 fs,S)n̂s , (10)
x = (1− fe,S − 2 fµ,S − fs,S)n̂µ , (11)
y = (1− 2 fe,S − fµ,S − fs,S)n̂e , (12)
z = ( fe,S − fµ,S)(n̂µ − n̂e) . (13)
In other words, given an arbitrary direction n̂ in flavor
space, the boundary in Eq. (4) translates into a hyper-
surface boundary in flavor space in that direction.
Because neutrino telescopes detect only active flavors,
we project the three-dimensional hyper-surface bound-
aries in the flavor space of ∆ fe, ∆ fµ, and ∆ fs onto the
corresponding boundaries in the two-dimensional sub-
space of active flavors. To connect to the observations of
neutrino telescopes, we define the flavor fraction of ac-
tive neutrinos, f ′α, which is related to the flavor fraction
of all neutrinos, fα, as
f ′α ≡
fα
1− fs . (14)
With this definition we have f ′e + f ′µ + f ′τ = 1 and, for a
given arbitrary source flavor composition, we are able to
derive boundaries in the subspace of active flavor frac-
tions f ′e and f ′µ, and show them in a ternary plot. The
procedure is outlined in Appendix B.
Figure 1 shows the resulting boundaries of the ac-
cessible active flavor fractions at Earth for our three
benchmark cases of flavor composition at the source.
The gray-shaded areas in Fig. 1 indicate the 68% and
95% confidence levels (C.L.s) from a flavor-composition
analysis carried out by IceCube [14]. Due to the dif-
ficulty in distinguishing between events induced by νe
and ντ in the IceCube data [85, 86], the likelihood con-
tour is presently rather flat along the fµ direction, lead-
ing to almost horizontal confidence levels in the ternary
plot of Fig. 1 [87–90]. This degeneracy could be lifted
with future data by the observation of characteristic
ν¯e [91–95] and ντ events [16, 68, 96, 97]. Under the as-
sumption of standard three-flavor oscillations, the mea-
sured flavor composition disfavors the source compo-
sition (1 : 0 : 0)S [24]. However, the unitarity bounds in
Fig. 1 indicate that there are nonstandard unitary os-
cillation scenarios in the three-flavor and 3+1 scenarios
that can be consistent with the IceCube measurements
within the 68% C.L.
By construction, the boundary in Eq. (4) encloses a
convex space and, therefore, its projection onto the sub-
space of active flavor fractions is a convex boundary,
i.e., one in which every line segment between any two
points is contained in the subspace. It is a nontrivial
question if every flavor combination within the bound-
ary can be actually realized by at least one unitary mix-
ing matrix. For the three-flavor mixing discussed in
Ref. [13], we showed that our convex unitarity bound-
ary in Eq. (4) accurately represents the accessible fla-
vor space for the three benchmark production scenarios
shown in Fig. 1. For comparison, we show also these
three-flavor boundaries in Fig. 1. However, even in the
simpler three-flavor case there are other flavor composi-
tions at the source, different from the benchmark cases,
for which the space of flavor composition at the Earth
is not convex and, therefore, the boundary is not max-
imally constraining. The same is also true in the 3+1
scenario.
In the case of 3+1 flavor mixing, an additional compli-
cation arises from the existence of local extrema that lie
on the boundary implied by the quadrilateral inequali-
ties that come from the off-diagonal elements of the uni-
tarity condition U†U = 1, Eq. (A4) in Appendix A. We
did not find a simple algorithmic way to derive these
additional extrema within the formalism that we use to
include the diagonal unitarity conditions, via Lagrange
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FIG. 2. Comparison of unitarity bounds vs. the active flavor fractions computed for 4,000 random realizations of the unitary
mixing matrix. Left: Unitarity bound (solid line) from Fig. 1 and random realizations for a source flavor composition of (1 : 2 :
0: 0)S. We also show the reduced boundary corresponding to the subset of local extrema in Eq. (5) that obey the quadrilateral
inequality; see the main text and Appendix A for details. Right: Same as in the left panel, but now showing the case (1 : 0 : 0: 0)S.
This case is related to (0 : 1 : 0: 0)S via index permutations, as described in Appendix A.
multipliers, as detailed in Appendix A. However, in-
cluding these additional extrema can only shrink the
boundary in Eq. (4). Therefore, the boundary that we
have derived without these additional extrema still fully
encloses the accessible flavor space, even if it may not be
maximally tight.
To gauge the importance of these additional extrema,
we show in Fig. 2 the distribution of observed flavor ra-
tios f ′α from 4,000 random realizations of unitary mix-
ing parameters for the source compositions (1 : 2 : 0: 0)S
and (1 : 0 : 0: 0)S. In each case, our analytical bound-
ary derived using Eq. (4) fully encloses the scattered
data. In Fig. 2 we show also a reduced version of the
boundary, Eq. (4) but now considering only the extrema
that obey the quadrilateral inequality, Eq. (A4). This
reduced boundary does not fully enclose the scattered
data, which reflects the fact that the neglected subset
of local extrema that saturate the quadrilateral inequal-
ity determines the global maximum of expression (A6)
in certain directions. Nevertheless, our method allows
to set nontrivial boundaries on the active flavor frac-
tions that closely trace the distribution of the data on
the ternary plot.
Figure 3 shows, in the left panel, the effect on the fla-
vor boundary of varying the sterile neutrino fraction
at the source, fs,S, which explores nonstandard neu-
trino production mechanisms. There, we show the be-
havior of the boundary for a source flavor composition
((1− fs)/3 : (2− 2 fs)/3 : 0 : fs)S, where we increase
fs,S in steps of 10%. As we increase fs,S, the contours
first shrink until we reach fs,S ' 0.4, before growing
for larger values of fs,S. This indicates that the accessi-
ble region of active flavor fractions at Earth is practically
unconstrained if there is significant sterile neutrino pro-
duction at the source, in agreement with the results from
Refs. [61, 62].
Figure 3 shows, in the right panel, the effect on the
flavor boundary of imposing limits on the sterile neu-
trino fraction at Earth, fs,⊕, which indirectly explores
the effect of varying the size of the active-sterile mix-
ing elements |Uα4|. In principle, a strong active-sterile
mixing would be inconsistent with the observation of
cosmic neutrinos in the first place, since most the flux
would have transitioned into sterile neutrinos. For the
source flavor composition of (1 : 2 : 0: 0)S used in this fig-
ure, the contours of increasing fs,⊕ in steps of 5% grow
quickly to match the boundary derived by allowing the
full range of fs,⊕ accessible with this choice of source
flavor composition. Therefore, even small overall con-
tributions of sterile neutrinos can leave visible effects on
the active flavor fraction.
IV. CONCLUSIONS
Neutrino mixing has been thoroughly tested at MeV–
GeV energies, but remains largely untested at higher en-
ergies. The TeV–PeV astrophysical neutrinos discovered
by IceCube allow us to test neutrino mixing in a new en-
ergy regime. Using them, we may probe a host of mod-
els of nonstandard mixing that affect flavor oscillations
over cosmological-scale distances. To do this, neutrino
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FIG. 3. Left: Unitarity bounds for a source flavor composition ((1− fs)/3 : (2− 2 fs)/3 : 0 : fs)S with sterile fractions at the
source, fs,S, increasing in steps of 0.1. The case fs,S = 0 corresponds to the boundary shown in Fig. 1. With increasing fs,S, the
boundary first shrinks and then grows. Right: Unitarity bounds for the source flavor composition (1 : 2 : 0: 0)S while imposing
limits on the sterile neutrino fraction at Earth, fs,⊕, increasing in steps of 0.05. The bounds for growing fs,⊕ (dashed lines) quickly
saturate the bounds derived by allowing the full range of fs,⊕ accessible with this choice of source flavor composition (solid line).
telescopes measure the flavor composition of the high-
energy astrophysical neutrino flux at Earth.
We have focused on a large class of theoretically and
experimentally motivated models that contain an extra,
sterile neutrino (νs) that mixes with the three active ones
(νe, νµ, ντ), while preserving the unitarity of the four-
neutrino system. These “3+1” models preserve the total
number of neutrinos, but redistribute them among the
four flavors en route to Earth, modifying the flavor com-
position compared to the scenario where there is only
mixing between the three active flavors. Based solely on
the unitarity of the mixing, we have analytically con-
structed the boundaries that enclose the region of al-
lowed flavor composition at Earth. Via numerical sim-
ulations, we have validated that our boundaries tightly
enclose the collection of flavor compositions computed
by randomly sampling the mixing parameters.
The key advantage of our procedure is that our fla-
vor boundaries are derived analytically, and do not re-
quire sampling over the unknown values of the param-
eters that control active-sterile mixing. This allows us
to test active-sterile mixing at high energies unbiased
by the choice of parameter sampling strategy and on its
own, independently of existing constraints coming from
MeV–GeV experiments. Our boundaries can be used as
informed priors in searches for new physics in neutrino
telescopes. This extends our earlier study, where we fo-
cused on three-flavor unitary mixing [13]. For conve-
nience, we make the three-flavor and 3+1 boundaries
for three popular benchmark scenarios of flavor com-
position emitted by the sources — (1 : 2 : 0: 0)S, (0 : 1 : 0:
0)S, and (1 : 0 : 0: 0)S — (see Fig. 1) as well as one non-
standard source scenario following ((1 − fs)/3 : (2 −
2 fs)/3 : 0 : fs)S (see the left panel in Fig. 3) available as
ancillary files.
Our result show that, if no νs are produced at the as-
trophysical sources, as expected from standard neutrino
production processes, the boundary of allowed flavor
composition at Earth in the 3+1 scenario is only slightly
larger than the boundary in the three-flavor scenario.
Given the limited sensitivity of neutrino telescopes to
measure flavor composition, it will be difficult to distin-
guish between them. However, if νs are produced at the
sources, in nonstandard processes, then the boundary in
the 3+1 scenario can be significantly larger.
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Appendix A: Unitarity Bounds
For the derivation of the boundary function of Eq. (4)
we follow the procedure outlined in Ref. [13]. The
oscillation-averaged neutrino flavor-transition matrix
7Representations of local extremal points Q̂
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4
1
4


0 13
1
3
1
3
× × × ×
× × × ×
× × × ×


0 0 12
1
2
× × × ×
× × × ×
× × × ×


0 13
1
3
1
3
0 13
1
3
1
3
× × × ×
× × × ×


0 × × ×
× 0 × ×
× × × ×
× × × ×


0 0 12
1
2
0 × × ×
× × × ×
× × × ×


0 0 × ×
× × 0 ×
× × × ×
× × × ×


0 × × ×
0 × × ×
× 0 × ×
× × × ×



0 × × ×
× 0 × ×
× × 0 ×
× × × ×


0 0 × ×
0 × 0 ×
× × × ×
× × × ×



0 0 12
1
2
0 × × ×
× 0 × ×
× × × ×



0 0 × ×
0 × × ×
× × 0 ×
× × × ×



0 0 12
1
2
1
2
1
2 0 0
× × × ×
× × × ×


0 0 × ×
× × 0 ×
× × 0 ×
× × × ×


0 0 × ×
× × 0 ×
× × × 0
× × × ×



0 × × ×
0 × × ×
× 0 × ×
× 0 × ×


0 × × ×
0 × × ×
× 0 × ×
× × 0 ×



0 × × ×
× 0 × ×
× × 0 ×
× × × 0


0 0 × ×
0 × 0 ×
× 0 × ×
× × × ×



0 0 × ×
0 × 0 ×
× × × 0
× × × ×



0 0 × ×
0 × × ×
× 0 × ×
× × 0 ×


0 0 12
1
2
0 × × ×
× × 0 0
× × × ×



0 0 × ×
0 × × ×
× × 0 ×
× × 0 ×



0 0 × ×
0 × × ×
× × 0 ×
× × × 0



0 0 × ×
× × 0 ×
× × 0 ×
× × × 0



0 0 12
1
2
0 0 12
1
2
1
2
1
2 0 0
1
2
1
2 0 0


0 0 × ×
0 × 0 ×
× 0 0 ×
× × × ×



0 0 × ×
0 × 0 ×
× 0 × 0
× × × ×


0 0 × ×
0 × 0 ×
× 0 × ×
× × 0 ×



0 0 × ×
0 × 0 ×
× 0 × ×
× × × 0



0 0 × ×
0 × 0 ×
× × × 0
× × × 0



0 0 12
1
2
0 × × ×
× 0 × ×
× × 0 0



0 0 × ×
0 × × ×
× × 0 0
× × 0 ×



0 0 × ×
0 × 0 ×
× 0 0 ×
× × × 0



0 0 × ×
0 × 0 ×
× 0 × 0
× × 0 ×


0 0 12
1
2
0 12 0
1
2
1
2 0
1
2 0
1
2
1
2 0 0



1 0 0 0
0 13
1
3
1
3
0 13
1
3
1
3
0 13
1
3
1
3


1 0 0 0
0 0 12
1
2
0 × × ×
0 × × ×


1 0 0 0
0 0 × ×
0 × 0 ×
0 × × ×

4

1 0 0 0
0 0 12
1
2
0 12 0
1
2
0 12
1
2 0

4

1 0 0 0
0 1 0 0
0 0 12
1
2
0 0 12
1
2


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

TABLE I. The structure of local extremal points Q̂ in the 3+1 mixing scenario representing equivalence classes of solutions. The
boldface entries indicate the boundary conditions Qαt it = 0 fixed by a set of Lagrange multipliers λt (see Eq. (A12)) in the solution
(A9). All entries that evaluate to constant values are also indicated; the entries indicated by symbols “×” are functions of the
parameters u, v, w, x, y, and z. All solutions with the symbol “” in the bottom-right corner violate the quadrilateral inequality,
Eq. (A4), in at least one pair of columns or rows. The last six matrices in the bottom row correspond to solutions inherited from the
three-flavor mixing scenario discussed in Ref. [13]. Two of these matrices, indicated by the symbol “4”, violate the three-flavor
triangle inequality and can be neglected, resulting in 40 remaining solutions.
can be written as the matrix product
P = QQT , (A1)
where Qαi ≡ |Uαi|2. The matrix elements of Q are sub-
ject to the unitarity condition U†U = 1. This imposes
the normalization condition
∑
α
Qαi =∑
i
Qαi = 1 , (A2)
and the boundary condition
0 ≤ Qαi ≤ 1 . (A3)
In addition, from the off-diagonal elements of the uni-
tarity condition U†U = 1, the elements of Q are subject
to quadrilateral inequalities that can be summarized by
the six conditions (α < β)
A(
√
Qα1Qβ1,
√
Qα2Qβ2,
√
Qα3Qβ3,
√
Qα4Qβ4) ≥ 0 ,
(A4)
where the function A is defined as
A(a, b, c, d) ≡ (a+ b+ c− d)(b+ c+ d− a)
× (c+ d+ a− b)(d+ a+ b− c) , (A5)
and is proportional to the square of the maximum area of
the quadrilateral with sides a, b, c, and d.
The most stringent bound B(u, v,w, x, y, z) in Eq. (4)
8corresponds to the global maximum of the function
G(Q; c) =
1
2
Tr
(
c QQT
)
, (A6)
for a fixed coefficient matrix
c =

0 z y u
z 0 x v
y x 0 w
u v w 0
 , (A7)
and subject to the normalization (A2) and boundary
conditions (A3) and (A4). We follow closely the pro-
cedure outlined in Ref. [13] by first identifying all lo-
cal extrema Q̂ of Eq. (A6) that saturate the (technically)
simple boundaries (A3), i.e., either Qαi = 0 or 1, and
then finding the global maximum among them. In the
three-flavor scenario discussed in Ref. [13] it could be
shown that this procedure always yields accurately the
global maximum of G. However, in the 3+1 scenario,
as we have shown in the main text, this condition is,
in general, not satisfied. Nevertheless, our procedure
still allows us to derive nontrivial flavor boundaries
B(u, v,w, x, y, z) that enclose all possible flavor compo-
sitions at Earth, for a given flavor composition at the
source.
As in the three-flavor scenario [13], we make use of
the fact that the set of local extrema of Eq. (A6) is invari-
ant under the transformation
Q̂→ Q̂′ ≡ FQ̂MT c→ c′ ≡ FcFT , (A8)
where F and M are two permutation matrices of the
flavor and mass indices, respectively. In other words,
the solutions are invariant under the exchange of en-
tries of two arbitrary columns of Q̂ and the correspond-
ing reordering of entries in c. Therefore, in the follow-
ing, we derive separate equivalence classes of solutions
Eq. (A6): within each class, solutions are related by the
transformations (A8). The full list of candidate extrema
of Eq. (A6) can then be recovered by applying these
transformations within each class.
We systematically search for all local extrema of
Eq. (A6) that saturate the conditions (A3) by the method
of Lagrange multipliers. The solutions are of the form
Q̂αi =
1
4
− 1
4
n
∑
t=1
λtAααtBiit , (A9)
where λt are n Lagrange multipliers for the boundary
condition Qαtit = 0 and we define the matrices
Aαβ ≡ (c−1)αβ −
∑
µ
(c−1)µα ∑
ν
(c−1)νβ
∑
µν
(c−1)µν
, (A10)
Bij ≡ δij − 14 . (A11)
Note that the normalization condition (A2) follows from
the identities ∑i Bij = ∑α Aαβ = 0. The value of the La-
grange multipliers follows from the conditions Qαtit = 0
and expression (A9), i.e.,
λt =
1
det(C)
n
∑
s=1
(−1)s+tdet(Cst) , (A12)
where Cst ≡ AαsαtBisit and Cij denotes the remaining
sub-matrix after removal of the i-th row and j-th col-
umn.
We identify 42 equivalence classes of extremal points
Q̂ that are summarized in Table. I. The boldface matrix
element in each class indicate the index pair (αt, it) that
is fixed via Lagrange multipliers λt in Eq. (A9). We also
highlight those entries that evaluate to constant values.
All other entries, marked by the symbol “×”, are func-
tions of the coefficients u, v, w, x, y, and z from Eq. (A7).
Each solution Q̂i listed in Table I corresponds to a lo-
cal extremum Gi(c) ≡ G(Q̂i; c). The full set of local ex-
trema in each class can then be reconstructed by apply-
ing the transformations (A8) to the entries of the second
column, i.e.,
Si ≡ {Gi(c′ = FcFT)
∣∣ F ∈ S4} , (A13)
where F are matrices of the permutation group S4.
While we have presented the procedure for the 3+1
scenario, it can be easily extended to the 3+ n scenario,
with n > 1 and an extended set of local equivalence
classes.
Appendix B: Active Flavor Projection
Unitarity in the 3+1 flavor scenario sets a bound on
the space of flavor shifts (∆ fe,∆ fµ,∆ fs) from a given
source flavor composition. We can visualize these
bounds in a ternary diagram of active flavor fractions
( f ′e , f ′µ, f ′τ) with f ′α ≡ fα/(1− fs) and f ′e + f ′µ + f ′τ = 1.
To do this, we parametrize the two-dimensional shift in
the space of active flavors via a direction α and range `,
∆ f ′e ≡ f ′e,⊕ − f ′e,S ≡ ` cos α , (B1)
∆ f ′µ ≡ f ′µ,⊕ − f ′µ,S ≡ ` sin α . (B2)
Our goal is to identify the maximum range ` of an active
flavor shift in the direction α. The resulting parametric
solution `max(α) then corresponds to the projection of
the 3+1 unitarity bound onto the space of active flavor
fractions via Eqs. (B1) and (B2).
Using Eqs. (B1) and (B2), the three-dimensional flavor
shift is
∆ fe = `(1− fs,⊕) cos α− ∆ fs f ′e,S , (B3)
∆ fµ = `(1− fs,⊕) sin α− ∆ fs f ′µ,S , (B4)
∆ fs = fs,⊕ − fs,S . (B5)
9We now look at the three-dimensional unitarity bound-
ary n̂ · (∆ fe,∆ fµ,∆ fs) = B(n̂), where n̂ is a unit vector
corresponding to the normal of the three-dimensional
boundary surface. For a fixed sterile fraction fs,⊕ and n̂,
the maximum flavor shift ` in the direction α is
`(α, fs,⊕, n̂) =
B(n̂) + ( fs,⊕ − fs,S)(n̂e f ′e,S + n̂µ f ′µ,S − n̂s)
(1− fs,⊕)(n̂e cos α+ n̂µ sin α) . (B6)
The two-dimensional boundary in the direction α is de-
termined from the set of all solutions (B6) by first finding
the minimum with respect to all boundaries B(n̂) for a
fixed sterile fraction fs,⊕,
`min(α, fs,⊕) = min
n̂
({
`(α, fs,⊕, n̂)
∣∣∣|∆α| < pi
2
})
, (B7)
where cos∆α = n̂e cos α+ n̂µ sin α, and then by finding
the maximum with respect to all accessible sterile frac-
tions, i.e.,
`max(α) = max
fs,⊕
({
`min(α, fs,⊕)
})
. (B8)
By varying α, we plot the two-dimensional boundaries
in Figs. 1–3 in the main text.
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